VALUATIONS CENTERED AT A TWO-DIMENSIONAL 
REGULAR LOCAL RING: INFIMA AND TOPOLOGIES 



JOSNEI NOVACOSKI 

Abstract. The aim of this paper is to prove that every non-empty set of 
valuations centered at a two-dimensional regular domain has an infimum. We 
also generalize some results related to a non-metric tree. 



1. Introduction 

Favre and Jonsson prove in [3] that the set of normalized valuations centered 
at C[[x, j/]] has a tree structure. In [3] Granja generalizes this result for the set of 
normalized valuations centered at any two-dimensional regular local ring. In both 
works, the definition of rooted non-metric tree is not satisfactory (see discussion 
after definition 13. II) . That is because the definition given in the cited papers does 
not guarantee the existence of infimum of a non-empty set of valuations. The 
existence of the infimum (of two valuations) is necessary in order to define some 
important concepts, such as the weak tree topology (see definition 13.51 item (iv)) 
and the metric associated to a parametrization (definition 13.51 item (vi)). 

In [3 it is stated that the existence of an infimum is a consequence of the given 
definition, which is not the case (see example 13. 3|) . In order to make the theory 
developed there consistent, one needs to prove that there exists an infimum for 
any given pair of valuations. In the case of R = <C[[x,y\] it is proved in [3], using 
the sequence of key polynomials associated to a valuation, that the infimum of 
two valuations exists as long as we can find an element which "minimizes" both 
valuations. An easy argument (Corollary 13. 10[) shows that one always can get such 
an element (in fact, we can get it for any two-dimensional regular ring). 

An interesting question which arises naturally is whether we can find an infimum 
of any non-empty set of valuations centered at a two-dimensional regular local ring. 
One of the purposes of this paper is to give a positive answer for this question. 

Theorem 1.1. Let R be a two-dimensional regular local ring and take any non- 
empty S — {vi}i<=i of centered valuations Vi : R — > Mqo normalized by z^(m) = 1 
(see definition 12. 5|) . Then there exists a valuation v : R — > Roo which is the 
infimum of S with respect to the order given by v < fi if and only if v{4>) < At(</>) 
for every <fr 6 R. 
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By use of this theorem, it follows from [3] and [4] that the set of all centered 
normalized valuations on R has a tree structure and associated to that a weak tree 
topology (see definitions and discussions in section [3]) . Every parametrization (see 
dcfinition l3.5[) of a tree induces a metric on that tree. A natural question is whether 
this metric topology and the weak tree topology are comparable. The next theorem 
answers positively this question. 

Theorem 1.2. Let (T, <) be a rooted non-metric tree and let \Jj : T — > [1, oo] be 
a parametrization of T. The weak tree topology on T is coarser than or equal to 
the topology associated with the metric d^. 

In [3] , two parametrizations (skewness and thinness) are presented to prove that 
the normalized centered valuations on C[[x, y]] form a parametrized non-metric tree. 
Also, in [4], Granja presents a new approach and a different parametrization that 
proves the same result for any two-dimensional regular local ring. In [3] , Favre and 
Jonsson compare the topologies generated by their parametrizations and the weak 
tree topology. Our theorem above gives a more general comparison, which does not 
depend on the valuative origin of such tree. 

We also show fTheorem l4.10p that if the tree has a point with uncountably many 
branches, then these topologies are different. 

2. Preliminaries 

Definition 2.1. Take a commutative ring R with unity. A valuation on R is a 

non-constant mapping v : R — > F^ := T U {oo} where T is an ordered abelian 
group (and the extension of addition and ordering to oo is as usual), with the 
following properties: 

(VI): i/(0V) = v{4>) + v(ip) for all 4>,ip E R. 
(V2): v(4> + i>)> min{i/(<£), u(ip)} for all 0, ip € R. 
(V3): = and i/(0) = oo. 

We denote by W the class of all valuations v on R such that there exists <j> £ R 
with v(4>) ^ and v(4>) ^ oo. 

Definition 2.2. A valuation v : R — > is a Krull valuation if ^ _1 (oo) = {0}. 

If R admits a Krull valuation v then R is a domain and we can extend v to a 
valuation on the field K = Quot(R) by defining v ( — ] = v<p — w/j. The class of 



all Krull valuations on R (or K) will be denoted by V. By definition V C W. 
Let v : R — > F^ be a valuation. The subgroup of T generated by 



is called the value group of v and is denoted by vR. The valuation is called trivial 
if vR — {0}. The set p v :— v~ 1 (oo) is a prime ideal of R, called the support of v. 




{v{4>) 4> e R,v(4>) ^ oo} 
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Given a valuation v on R, we can define a Krull valuation 

V : R/p v — > Too 
by defining V(<fi) — v<\>. The local ring 

O v := {4> e Quot {R/p v ) | 770 > 0} 

with maximal ideal 

:= {4> e Quot {R/p v ) \ v~4> > 0} 
is called the valuation ring of v. 

Definition 2.3. Two valuations v and /i of R are called equivalent (v ~ /i) if the 
following equivalent conditions arc satisfied 

i) : For all 4>, tp G R, v{(f>) > v(%ji) if and only if /^(</>) > 

ii) : There is an order preserving isomorphism / : vR — > fxR such that fi = 
f ov. 

iii) : p„ = p M and O v = O^. 

Remark 2.4. If v and arc Krull valuations on R, then v <~ if and only if 
Ov = O^. Also, if v and /i are two real valued valuations, then v <~ fj, if and only 
if ^ = C^i for some CeR and C > 0. 

We denote by W (V) for the quotient of W (V) by the equivalence relation 
defined above. 

If R is a local ring with maximal ideal m we define 

Vm(4>) — max{n | (f> £ m™}. 

We will say that a valuation v is centered if v(4>) > for all 4> £ R and v{4>) > 
for all (tea If R is Noctherian we get that m is finitely generated, so we can 
define 

^(m) := min{V(</>) | 4> G m}. 
Observe that v m is a centered Krull valuation with ^ m (m) = 1. 

Definition 2.5. Let R be a Noetherian local ring with maximal ideal m. Given 
an ordered abelian group T and a positive element 7 6 T we say that a valuation 
v : R — > Too is normalized by 7 if ^(m) = 7. 

Fix an ordered abelian group T and consider the set 
W r :={v£W\v:R^ T^}. 

The family 

[{v £ Wr I v is normalized by 7 }j >o 

forms a partition of Wr- If we consider the particular case of T = M, then every 
valuation on Wr is equivalent to a unique valuation normalized by 1. 
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Since V C W, we can ask whether there exists a natural subset of W which can 
be identified with V. Would Wr work? We are looking here for a mapping 

Wr — »• V 

which is surjective and injective. Moreover, would this map respect equivalence 
classes? We present below a mapping which respects equivalence classes, is injective, 
but not surjective. 

Take an element v G Wr. If p„ = (0) then v is a Krull valuation and we define 
krull[f] := v. If p„ ^ (0) we have that (0) C p„ C m which means that p„ = (0) 
where G i? is an irreducible element. Indeed, p„ ^ m by assumption and if we 
take any irreducible element 4> G m then 

(0) c (0) c Pv c m 

and (0) = p„ because (<fi) is a prime ideal and dim(i?) = 2. Define now the Krull 
valuation 

kru%] : R — > Z x R 

given by krull[f](i/>) = (r, KVO) where tp = <f) r ip' and (<j),ip r ) = 1. 

Observe that this definition does not depend on the choice of <f). Indeed, since R 
is an UFD, any irreducible element ip G p„ = (</>), would be of the form u ■ <j> where 
u G R x . It is easy to see that given two valuations v, ji G Wr, then 

v ~ /i krull [f] ~ krull [/u]. 

Therefore, the mapping fcruH induces an injective mapping Wr — > V (which we 
call again krull). We want to study the properties of this mapping. 

Take any Krull valuation v : R — > Too. If rk(T) = 1 then we can embed T in 
R, so there exists a valuation v' G Wr equivalent to v. If rfc(r) = 2 then we can 
embed T into R II R with the lexicographic order. If the projection of vR onto the 
second coordinate of R II R is non-zero, then we consider the valuation given by 

\%iy($)) , if 7T! (*/(</>)) =0 
oo , otherwise. 



At) ■- 



This is a valuation on R and krull[z/'] ~ v. If the projection of vR onto the second 
coordinate is zero, then there is no valuation v' on R such that krull[f'] = v. 
Therefore, the mapping krull : Wr — > V is not surjective. 

Example 2.6. Let's give a few examples for the case of R = C[[x, y}]. The 
monomial valuation on R defined by v{x) — a and v{y) = (3 is given by 

v a ij xl V J ^ = min{«a + jfi \ a {j ^ 0}. 

(i) : Take the monomial valuation defined by u(x) — u{y) — 1. Then ^ is a 
Krull valuation and v = krull \v\. 

(ii) : Let be the monomial valuation defined by v(x) = 1 and v(y) = oo. 
Then p„ = (y) and krull [v] is the monomial Krull valuation defined by 
u(x) = (0,l) and i/(y) = (l,0). 
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(iii): Consider the Krull monomial valuation /i : R — > (Z x Z) M (with lexi- 
cographic order) given by (J.(x) — (1,0) and fJ.(y) = (1,1)- This is a Krull 
valuation on R such that there is no valuation v on R with krull [z/] = /i. 
This shows that krull : Wk — > V is not surjective. 

3. The existence of infimum of a set of valuations 

We will now define rooted non-metric trees and discuss the difference of our way 
of defining it and the definition given in [3J and [3]. 

Definition 3.1. A rooted non-metric tree is a poset (T, <) such that: 
(Tl): There exists a (unique) smallest element to G T. 

(T2): Every set of the form I T = {a G 7~ | o < r} is isomorphic (as ordered 

set) to a real interval. 
(T3) : Every totally ordered convex subset of T is isomorphic to a real interval. 
(T4): Every non-empty subset S of T has an infimum in T . 

Remark 3.2. In [3J and [3] the authors define a rooted non-metric tree without 
the condition (T4). In [3J the authors state that the property (T4) follows from 
the completeness of the real numbers and the previous properties, which is not true, 
as the following example shows. 

Example 3.3. Take X = [0, 1) U {x,y} and extend the natural order on [0, 1) to 
X by setting x,y > [0, 1) and stating that x and y are incomparable. Then (Tl), 
(T2) and (T3) hold for (X, <), but the set {x, y} does not have an infimum. 

Lemma 3.4. Under the conditions (Tl) and (T2), the following conditions are 
equivalent: 

(T4): Every non-empty subset S C T has an infimum. 

(T4'): Given two elements r, a G T, the set {r, a} has an infimum r A a. 

Proof. (T4') is a particular case of (T4). Assume now that (T4') holds and take 
S C T a non-empty subset. We have to prove that S has an infimum. Fix an 
element r G S and let 

$ r : [t ,t] — > [a,b] C M 
be the isomorphism given by property (T2). For each a £ S, by property (T4'), 
there exists an element r A a G 7" which is the infimum of {r, c} in 7". Define the 
element 

a<7 = ® t (t Act) G [o,6]. 
Since R is complete, we have that {a a \ a G 5} has an infimum ao G [a, 6], Define 
the element er = $ 1 T 1 (ao) G T ■ Let's prove that <r = hif S. If not, there would be 
an element a' G 7" such that Co < "o — 17 f° r a ^ c G 5. Then o~' < t Aa and hence 
a = < I > t(o'o) < & T (cr' ) < a a for all a E S, which shows that oo < inf{a CT | a G S}, 
a contradiction. □ 

We will now define some properties associated with a non-metric tree. 
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Definition 3.5. (i): Given a non-empty subset S C T we define the join 

A t of S to be the infimum of S. 

res 

(ii) : Given two elements r, a G T we define the closed segment connecting 
them by 

[t, a) := {a G T | (r A cr < a < r) V (r A a < a < a)}. 

We define similarly ]t, er] and [r, ct[. 

(iii) : Take a point r G T and define an equivalence relation on T\{t} by 
setting 

cr ~ T a ]t, cr] fl ]t, a] ^ 0. 

The tangent space of T at r is the set of equivalence classes of T\{t}. 
An equivalence class [a] T G T\{t}/ ^ t is called a tangent vector at r. 

(iv) : The weak tree topology on T is the topology generated by the tangent 
vectors at points of T, i.e., the open sets are unions of finite intersections 
of sets of the form [a] T . 

(v) : A parametrization of a rooted non- metric tree is an increasing (or 
decreasing) mapping ^ : T — > [— oo, oo] such that its restriction to every 
totally ordered convex subset of T is an isomorphism (of ordered sets) onto 
a real interval. 

(vi) : Given a (increasing) parametrization * : T — > [1, oo] we define a metric 
on T by setting 

j , ( 1 1 \ ^ 1 1 

rf^(T,cr) = — — - — — + 



Remark 3.6. Observe that the definitions above depend strongly on the existence 
of an infimum for any two given elements. 

We will start to prove now that every pair of valuations centered at a two- 
dimensional regular local ring (i?, m) admits an infimum. 
Let (R, m) be a local ring and consider the set 

5=( J R X U{0}) 2 \{(0,0)}. 

Define a relation on S by setting 

(oi, bi) ~ {a 2 ,b 2 ) <==^ aib 2 - a 2 b\ G m. 

Lemma 3.7. This relation is an equivalence relation. 

Proof. This relation is clearly reflexive and symmetric, so it remains to show that it 
is transitive. Suppose that (di,&i) <~ (a 2 ,b 2 ) and (a 2 ,b 2 ) ~ (a 3 ,b 3 ). By definition, 
we have that a\b 2 — a 2 b\, 0263 — a 3 b 2 G m. If a 2 ^ then we have that 



02(03^1-01^3) = a3a2&i-a 3 ai&2+aia3&2-ai<i2&3 = a 3 (a 2 b 1 -a 1 b 2 )+a 1 (a 3 b 2 ~a 2 b 3 ) G m 
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and since a 2 € R x we have that a 3 bi — 0163 em. If 02 = then 62 7^ and we 
have 

fo2(»3&i-ai&3) = bia 3 b 2 -bia 2 b 3 +b 3 a 2 bi-b 3 aib 2 = bi{a 3 b 2 -a 2 b 3 )+b 3 {a 2 bi-aib 2 ) G m 
and again 0361 — a\b 3 G m. □ 

Suppose that (R, m) is a two-dimensional regular local ring and let (x,y) be a 
regular system of parameters of m. Take a valuation v centered at R. 

Lemma 3.8. Take (ai, 61), (a 2 , 62) € «S with (ai, 61) <~ (02, 62)- Then 

1/(010; + > f(m) z/(a 2 .x + 6 2 y) > z/(m). 

Also, if there exist (ai, &i), (a 2 , 62) € 5 such that i/(aia; + &iy) > f (m) and v(a 2 x + 
b 2 y) > v(m) then (cn,&i) - (a 2 ,6 2 ). 

Proof. For the first statement, suppose that 01 7^ (and so a 2 ^ 0). Then 

02 / ai& 2 

a 2 x + b 2 y = — a\x H y 

01 V a 2 

= — a\x + biy - hy H y 

Ol V a 2 

a 2 , . ai& 2 - a 2 &i 

= — (oia; + hy) H y 

ai ai 

Since (ai, 61) ~ (a 2 , b 2 ) we have that 

' aib 2 - a 2 bi 



y = v(a\b 2 - a 2 bi) - v(ai) + v(y) > v(y) > z/(m). 
ai J 

If u(aix + biy) > v(m) then 

v(a 2 x + b 2 y) > min jz/ (aiz + hy)j , f ^^l^ 2 ^!^ | > j,( m ^ 

and if j/(aia; + &iy) = ^(m) < 1/ [ — !— ^ — — — y ] then 

V ai / 

v(a 2 x + b 2 y) = min jzv (dice + 6iy)^ , f ^ | = K m )- 

If ai = then &i 7^ 7^ 62 and we proceed similarly to get 

, b 2 a 2 b x - aib 2 

a 2 x + b 2 y = — (aix + biy) H x. 

01 01 

For the second statement, suppose that 

v(a x x + biy) > v(m) and v{a 2 x + b 2 y) > u(m) 

and that (01,61) v (a 2 ,b 2 ). This would mean that a x b 2 — a 2 bi £ m, so v(a 2 b\ — 
aib 2 ) = 0. Then we would have that 

v(x) = v{a 2 bix — a\b 2 x) 

= v{a 2 bix + bib 2 y - bib 2 y — aib 2 x) 

= v{bi(a 2 x + b 2 y) - b 2 (aix + biy)) 

> is(m) 
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and 

v(y) = v{a 2 b Y y - a Y b 2 y) 

= v(a 2 b\y + aia 2 x - a x a 2 x - aib 2 y) 
= u(a 2 (aix + b x y) - ai(a 2 x + b 2 y)) 
> v(m) 

which is a contradiction to f (m) = mh\{v(x) 1 v(y)}. □ 
Definition 3.9. Take an clement Ae5/~. We say that 

v{x + Ay) > ^(m) 

if v(a\x + b\y) > ^(m) for some (and hence for every) (ai,b\) £ A. Analogously 
we say that 

v{x + Ay) = v(m) 
if v(a\x + biy) = v(m) for some (and hence for every) (a\,bi) E A. 

Corollary 3.10. Given two centered valuations v,fi : R — > R^, there exist 
elements a,b £ R x U {0} such that ^ (m) = v{ax + by) and /x(m) = fi(ax + by). 

Proof. By the second part of the Lemma above, there exist at most one A„ € S / <~ 
and at most one A M e S/ ~ such that v{x + A„y) > v(m) and /j,(x + A M y) = jit(tn). 
Since \S/ ~ | > 3 for any ring i? there exists an element Ae5/~ with A„ 7^ A / A M . 
Take any (a, 6) G A and we have that ^(aa; + 6y) = ^(m) and ^(ax + by) = /u(m). □ 

Corollary 3.11. If i? = fc[[a;, y]] for an algebraically closed field k and v ^ u{vx)-u m 
then there exists A G P 1 (/c) such that v{x + Ay) > v(m). 

Proof. We will prove that if R = k[[x, y]] and v ^ f( m ) • v m where k is any field, 
then there exists a homogeneous polynomial to in (x,y) such that v{m) > v m {m) ■ 
v(m). Consequently, if k is algebraically closed then we can find a homogeneous 
polynomial to of degree 1 such that v(m) > f m (m) • ^(m) = deg(m) • ^ (m) = ^(m). 
Since v ^ v m ■ v(m) there exists a power series 
00 

p(x, y) = ^ rrii G k[[x, y]] where rrn are monomials in x and y, 

i=l 

such that v{p) > v m (p) ■ v{m) = k ■ ^(m) where k := ord m (p). Write p as sum of 
homogeneous polynomials, i.e., 

P(x,y) = ^2pj, where Pj = to,. 

j>k deg(mi)=j 

Since v{pj) > miri{is(mi) \ deg(rrii) = j} > j ■ v(m) and v{p — pk) > k ■ is(m) we 
have that v{pk) > k ■ v(m). Indeed, if v(pk) = k ■ v{va) we would have that 

v(p) = minj>(p - p k ), v(pk)} = v{p k ) = k ■ u(m) = f m (p) ■ v(m). 

Therefore, there exists a homogeneous polynomial to € A:[[a;,y]] (namely to = p k ) 
such that v{m) > v m {m) ■ v(m). If k is algebraically closed then to can be chosen 
to be of degree one. □ 
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Remark 3.12. In [3 Corollary 3.19, page 48, it is proved that if two valuations v 
and fi on C[[x,y]] are given where (x,y) are coordinates such that v{x) = /i(x) = 
1 < min{f(j/), fJ-(y)} then there exists the infimum for v and \x. By the Corollary 
above, we conclude that every pair of valuations on C[[x, y]] have an infinium. 

For each valuation v centered at R take a regular system of parameters (x, y) 
such that v(x) < v(y). Let v' be the unique extension of v to R 
u(y) — v(x) and let 



with v' ^— ^ 



W = reR 



I Ar) > 0} 



Then the local ring 



RW = R 



(i) 



1 then 



is called the quadratic dilatation of R with respect to v. If dimi?, 
v = a ■ v m for some a > 0. If dimi?^ 1 -* = 2 then we proceed as before to get a new 
local ring R„ which is the quadratic dilatation of Rv with respect to v^. We 
can construct inductively a sequence (finite or infinite) 

R C R« Cfi( 2 >C...C C . . . 

(i) (i— 1) 

of regular local rings such that R v is the quadratic dilatation of R v with respect 
to i/ 1 " 1 ) (here R„ := R). Let X(u) be the length of the sequence above, i.e., 




1 , if dim ( R v n) ) = 2 and dim ( R% 



?(«+!) 



= 1 



if dim ( Ri, 



2 for every n £ N. 



O 



2=0 



where OkruiifH is the valuation ring of krull[^] in Quot(R). The sequence < Rv > 

f (i)l A ^ 

is called the sequence of quadratic dilatations of v and the sequence \ m v \ 

V 1 i=o 

where m£P = i/W 

(m«) is called the multiplicity sequence of v. 

Fix a regular system of parameters (x, y) of m. For each <f> £ R \ {0} there exists 
a unique decomposition cj) — a\M\ + . . . + a n M n where a, £ R\m and M, = x Vi y Si 
is a pure monomial in (x, y), < i < n. Take 71,72 6 R00 not both equal to 00. 
Then we define the valuation 

v{4>) = min {nj! + s.a 2 }- 

l<i<n 

This is indeed a valuation (see Lemma 7 of [2]) and it is called a monomial valuation 
in (x,y). It is a Krull valuation if 71 7^ oo 7^ 72 and it is centered if 71 > and 
72 > (see Lemma 8 of [4]). 

To prove Theorem ll.il we will use the following Theorem (Theorem 18 of [4]): 
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Theorem 3.13. Let v and /i be two centered valuations of R and suppose that 
fx < v. Assume that there exists s > such that dim (^R^^j = 2, m$ — for 

< i < s and either dim (rI s+1) ) = 1 or dim = 2 and mi s+1) > m^ +1) . 

Then i# = R$ and < < for each G < i < s. Moreover, 

we have the following possibilities: 

(a): If dim (i?l s+1) ) = 1, then \{v) = \{p) = s + 1 and z/ s ) = = 



(») 

(b) : If dim (i^ s+1) ) = 2 and dim (i?j; s+1) ) = 1, then s + 1 = A(/i) < A(z/) 

and there exists a monomial valuation on R„ +1 ^ such that /i^ s ' is 

the restriction of ~jj( s+1 ' > to . 

(c) : If dim (#£ s+1) ) = 2 and dim (i4f +1) ) = 2, then s+1 < nrin{A(i/), A(^)}, 

Ri s+1) = Rl s+1 \ < < ^ (s+1) W>) for all G and ^ s+1 ) is 

a monomial valuation on i?( s+1 ) . 



Proof of Theorem Take two centered valuations v, fi : R — > Roo such that 
v(m) = /Lt(m) = 1. Since iii, ' = R = R^ and 1 = f(m) = = mjL we can 
define 

s = max{i \ R® = and mf = mf}. 

If s = oo then OkrullM = Ckruii[/i] and consequently v ^ [i. Since these valuations 
are normalized by z/(m) = 1 = /i(m) we must have that v = ji and there is nothing 
to prove. Therefore, assume that s < oo. We define i?W := i# = i?^ and 
:= = mj^ for < i < s. 
We will divide our proof in cases, starting with the case where Rl s+1) ± 
By Corollary 13.101 there exists x^ G m^ s ^ such that 



Take any y^ G m^ s ^ such that (x( s \y( s ty is a regular system of parameters for 
m( s ). Define u/ s ) to be the monomial valuation on R^ defined by 

W W (arW) - V W = M W (>)) and w ( s > - min{i, (y^) , M (y (s) )}- 

Let w be the restriction of lo^ to R. From the definition of monomial valuation, 
we conclude that lu < v and lu < ji. We want to prove that if lu' is a valuation of 
R such that u> < lu' < v and lu < lu' < ji, then lu = lu' . 

If dim (-K^ +1 M = 1, applying Theorem l3.13l (a) for u < lu' we have that lu = lu'. 

If dim = 2 then dim (i^ s+1) ) = 2 and dim (i?^ s+1) ) = 2. Moreover, 

applying Theorem 13.131 (c) for to' < v and u>' < fi we have that = 

and R^ s+1 ' — R^i +1 ■ Consequently, i?^ s+1 ' ) = R^ +1 , which is a contradiction with 

our assumption. Therefore, dim \R^/^ ) — 1 and lo = lo' . 
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The remaining case is if R ( u s+1) = i?|; s+1) =: and mif +1) ^ m^ s+1) , 

say m^ s+1 ' ) < m^ +1 \ Define the valuation u/ s+1 ) in Ri s+1 ^ to be the monomial 
valuation given by 

and 

where (x^ s+1 \ y^ s+1 ') is a regular system of parameters for i?( s+1 ) with the property 
that i/ s+1 ) (x( s+1 )) = (m( s+1 )) and /x( s+1 ) = ^ s+1 ) (m( s+1 >) (such 

x (s+i) ex j s ^g by Corollary 13. 10p . Let u> be the restriction of u/ s+1 ' to R. Take a 
valuation u/ in i? such that w < a;' < v and u> < u>' < fx. We want to prove that 
U = u)'. 

From our definition, we get that m£f = mi s+1 ^ < m^ s+1 '. If wi^ S / +1 ' > m£ s+1 -' 
then we would have that u 1 which is a contradiction. Thus Tn^, + — rriu ■ 
Since a/ < /i and m{f > m-[ J s < +1 ' > we are in the situation of the Theorem 13. 131 so 
by (c) we have that oj'^ s+1 > is monomial (on {x^ s+1 \ y^ s+1 ')). Therefore, L)'( s+1 > = 
U j( s + 1 ) ail d consequently uj = u)'. □ 

Remark 3.14. In the proof, we used the fact that in the situation above, the 
valuation u;'( s+1 ) is a monomial valuation on the coordinates (x( s+1 > , y( s+1 >\ This 
fact was not explicitly stated but appears in the proof of Theorem 13.131 in [3] . 

4. Comparison of topologies 

In this section we compare the topologies defined above with classical topolo- 
gies. Also, we compare the weak tree topology and the metric topology given by a 
parametrization of a rooted non-metric tree. 

The most well known topology on space of Krull valuations is the Zariski Topol- 
ogy: 

Definition 4.1. The Zariski topology on V is the topology generated by the sets 
of the form 

{M e V | 4 e o v } 

where <f> 6 K . 

Remark 4.2. It is proved in i6j that this topology is compact (quasi-compact) but 
not Hausdorff. 

The coarsest Hausdorff topology which is finer than the Zariski topology on V 
is the Patch-Zariski topology: 

Definition 4.3. The Patch-Zariski topology on V is defined to be the topology 
generated by the sets of form 

{[v] e V | ^ e o v } 
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and 



{H G V | V G m„} 



where fiyip <E K. 

Remark 4.4. It is proved in [5] that the Zariski topology is spectral and that the 
patch topology associated to it is indeed the Patch-Zariski topology defined above. 

We will describe below an approach used by Berkovich in [5] and by Favre in [5] 
and [?] to define topologies on sets of valuations. 

Definition 4.5. Consider the subset W m of consisting of all valuations nor- 
malized by 1. The set W m is called the valuative tree of R. We define the weak 
topology on W m to be the topology generated by the sets of the form 

{v G W m | u{<j>) > a} and {v G W m \ v(<f>) < a} 

where a G R and <fi <E R. 

Remark 4.6. It is easy to see that W m C (R 00 ) il and that the topology defined 
above is the topology on W m induced by the product topology on (Roo) where 
Roo is regarded with the order topology. 

An interesting fact, proved in [3] (Theorem 5.1) is the following: 

Proposition 4.7. The weak tree topology and the weak topology in W m are the 
same. 

We will proceed with the proof of Theorem 11.21 

Proof of Theorem \1.2{ It is enough to show that every subbasic set [a] T in the weak 
tree topology is open in the metric topology, i.e., for every 7 G [a] T there exist e > 
such that 



Proof. Suppose first that a £ [c] r - This means that ]r, a] H ]t, a] = 0. Suppose 
towards a contradiction that t > a, a. Then we would have that a and a are 
comparable, say a < a. This means that ]r, a] C ]r, a] which is a contradiction. 
Consequently, t < a or t < a. It remains to show that t > a A a. Suppose not, 
i.e., that r < a A a. Then we would have that a A a G ]t, a] (~| ]t, a] which is again 
a contradiction. 

For the converse, assume that t G [a, a]. If t = a A a then we get by definition 
of a A a that ]r, a] n ]r, a] = 0. Otherwise, assume w.l.o.g. that a A a < t < a. 
Then 



B e (rf) = {aeT\ d»(7, a) < e} C [<r] T . 
By definition 7 / r so e := rf*(7, t) > 0. Let's prove that B e (j) C [<r] T . 



Claim 4.8. a ^ [a] 




]t, a] = {7 G T I t < 7 < a} 



and 



]r, cr] = {7 G T I {a A a < 7 < r) V (a A a < 7 < cr)} 
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which are disjoint sets. Therefore, a <^ r cr, so a ^ [o~] T - □ 
Claim 4.9. If r G [a, a] then dq, (a, cr) = d^ (a, r) + dy (r, cr) 

Proof. Suppose w.l.o.g that a A a < t < a. Then we have that a A t — a A a and 
that t A a = r. Therefore, 

d^,(a, a) — 



1 


- 1 V 


( 1 


1 


A cr) 
1 


- 1 V 


V*(a A cr) 
/ 1 


*(cr) 


A r) 

1 


- 1 V 


[$>(a A t) 




A r) 




^ V*(o: A r) 


*(r). 



*(tAit) *(t) 



^(rAff) *(cr)/ V*( rAcr ) *( T ) 

d*(a, r) + dip(r, cr). 



□ 



Take an clement a ^ [cr] r = [j] T . By Claim [4781 we have that r £ [a, 7]. By 
Claim |4~§1 we have that 



dq,(a, 7) = (a, r) + d^(r, 7) = d^(a, r) + e > e. 

Therefore, a ^ B € {^f) and consequently, B € {^) C [cr] T . □ 

We now analyse if these topologies are the same: 

Theorem 4.10. If there is an clement a G T with uncountably many branches 
(|7^-| > |N|) then the weak tree topology is not first countable. In particular, the 
metric topology given by any parametrization is strictly coarser than the weak tree 
topology. 

Proof. Take an element cr G T which has uncountably many branches. Observe that 
[cr] r contains all branches emanating from cr except for the one on which r lies. That 
means that any basic open set (therefore any open set) that contains a contains 
uncountably many branches emanating from cr. Take now any family {V n } nl £fs of 
open sets containing a. Since each V n contains uncountably many branches, their 
intersection contains uncountably many branches. Take one of these branches and 
choose an element a on it. Take now the subbasic open set [cr] Q . Then a G V n for 
all n G N and a ^ [cr] Q , so V n ^ [cr] Q . Therefore, there is no countable system of 
neighbourhoods for the element a. □ 

Corollary 4.11. In the valuative tree, the weak tree topology is strictly coarser 
than the topology generated by a parametrization. 

Proof. It is proved in [3 that divisorial valuations have uncountably many branches. 
By the theorem above we get that the weak tree topology and the metric topology 
defined by a parametrization are different. □ 
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Remark 4.12. As a criterion for the topologies to be equal or different, the fact 
that there exists a point with uncountably many branches is the best that we 
can get. We can present examples of trees in which every point has finitely (or 
countably) many branches and the topologies are equal and examples where they 
are different. 
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